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Acoustic radiation force and torque on an absorbing compressible
particle in an inviscid fluid
Glauber T. Silva1, a)
1Physical Acoustics Group, Instituto de F´ısica, Universidade Federal de Alagoas, Maceio´, AL 57072-900,
Brazil.
Exact formulas of the acoustic radiation force and torque exerted by an arbitrary time-harmonic
wave on an absorbing compressible particle that is suspended in an inviscid fluid are presented. It is
considered that the particle diameter is much smaller than the incident wavelength, i.e. the so-called
Rayleigh scattering limit. Moreover, the particle absorption assumed here is due to the attenuation
of compressional waves only. Shear waves inside and outside the particle are neglected, since the
inner and outer viscous boundary layer of the particle are supposed to be much smaller than the
particle radius. The obtained radiation force formulas are used to establish the trapping conditions
of a particle by a single-beam acoustical tweezer based on a spherically focused ultrasound beam. In
this case, it is shown that the particle absorption has a pivotal role in single-beam trapping at the
transducer focal region. Furthermore, it is found that only the first-order Bessel vortex beam can
generate the radiation torque on a small particle. In addition, numerical evaluation of the radiation
force and torque exerted on a benzene and an olive oil droplet suspended in water are presented
and discussed.
PACS numbers: 43.25.Qp, 43.20.Fn, 43.55.Ev
I. INTRODUCTION
An increasing interest on acoustic radiation force has
arisen after the concept of acoustical tweezers was de-
veloped. An acoustical tweezer can be accomplished by
means of an ultrasound standing wave1 or a focused
beam2. Furthermore, acoustophoretic devices are also
relies on the acoustic radiation force actuating on micro-
sized particles3–5. A key point in developing and enhanc-
ing the use of acoustical tweezers and acoustophoretic
devices is to understand how an employed acoustic wave
generates radiation force and torque on a small particle
(i.e. a particle whose radius is much smaller than the
incident wavelength).
The first study on the radiation force exerted on spher-
ical particle was presented in a seminal work by King6.
An extension of this work considering an incident spher-
ical wave was provided by Emblenton7. It was noticed
that the particle can be either attracted to or repulsed
by the wave source depending on their relative distance.
Effects of particle compressibility on the radiation force
was accounted by Yosioka et al.8 Subsequently, Gorkov9
derived, based on a fluid dynamics approach, a general
radiation force formula exerted on a particle by a plane
wave and any stationary acoustic wave. Nyborg10 has
also considered the radiation force exerted by a spheri-
cal wave on a rigid sphere. He showed that the traveling
part of the spherical wave can be described with Gorkov’s
theory by adding a correction term. Wu et al.11 ana-
lyzed the radiation force produced by a Gaussian beam
and a focused piston on an on-axis particle. Recently,
Marston12 obtained the radiation force generated by the
interaction of a zero-order Bessel beam and an on-axis
particle. He gave the conditions to produce a negative
a)Electronic address: glauber@pq.cnpq.br
force (i.e. opposite to the beam’s propagation direction)
on the particle. The radiation force of a Bessel beam
exerted on a small particle has been also investigated
in Ref. 13. Moreover, Aazarpeyvand14 has performed a
theoretical study on the radiation force exerted on an
on-axis porous aluminum sphere. In this case, the in-
crease of porosity degrades the radiation force on a small
particle.
Commonly, acoustic particle trapping is described
through Gorkov’s theory9. In turn, this theory is valid
when the Stokes’ boundary layer around the particle sat-
isfies δ0 =
√
2ν0/ω ≪ a, where a is the particle radius,
ν0 is the kinematic viscosity of the host fluid and ω is
the angular frequency of the wave. When δ0 ∼ a, effects
of the host fluid viscosity become relevant and the radi-
ation force may considerably deviate from from inviscid
theories15,16. It should be further noticed that if the par-
ticle is made of a viscous fluid, a shear wave may develop
inside it. The propagation of this wave can be confined
within an internal viscous boundary layer, which is given
by17 δ1 =
√
2ν1/ω, where ν1 is the kinematic viscosity
of the particle. Here, we will consider particles for which
δ1 ≪ a. Thus, shear wave propagation effects on the
radiation force and torque will be neglected.
Another important phenomenon in the acoustic radi-
ation force is the absorption of longitudinal waves in-
side the particle. Radiation force on an absorbing par-
ticle was first discussed by Westervelt18. He established
a relation between the radiation force on a sphere due
to a plane wave with the scattering and the absorption
cross-sections. A more extensive analysis of this prob-
lem was performed by Lo¨fstedt et al.19 in which it is
shown that absorption enhances the radiation force. So
far, the radiation force theory in the Rayleigh scatter-
ing limit involve a symmetry consideration between the
particle and the incident wave, i.e. the on-axis configura-
tion. Furthermore, Zhang et al.20 developed a geometric
interpretation of the radiation force exerted by a zero-
1
order Bessel beam on an on-axis sphere in terms of the
absorption, scattering and extinct cross-sections. A sim-
ilar study on a broader class of acoustic beams was also
performed by this group21,22. The interaction of acoustic
wave with an absorbing particle may induce a radiation
torque. Hefner et al.23 showed that an axial acoustic ra-
diation torque can be developed on an absorbing target
by a paraxial vortex beam. Moreover, the axial radiation
torque on an axisymmetric object suspended in an invis-
cid fluid was theoretically studied by Zhang et al.24 A
general model for the three-dimensional radiation torque
exerted by an acoustic beam of arbitrary wavefront was
provided by Silva et al.25
The purpose of this article is to provide exact formulas
of the acoustic radiation force and torque generated by
any time-harmonic beam acting on an absorbing parti-
cle placed anywhere in an inviscid fluid. The radiation
force formula is derived stemming from the partial-wave
expansion method up to the quadrupole moment of the
incident wave25,26. Whereas the expression for the ra-
diation torque is derived using the theory developed in
Ref. 25. The ultrasound absorption is assumed to obey a
frequency power-law model27. Nevertheless, shear wave
propagation inside and outside the particle is not taken
into account, since δ0, δ1 ≪ a is considered. The devel-
oped theory is applied to the analysis of the radiation
force due to a spherically focused beam on a benzene
and an olive oil droplet. Results show that transverse
trapping depends on the particle’s compressibility and
density with respect to the host fluid, while axial trap-
ping also reckons on the particle absorption. In addi-
tion, we derive the radiation force and torque produced
by a Bessel vortex beam in the on-axis configuration.
It is shown that only the first-order Bessel vortex beam
can generate radiation torque in the Rayleigh scattering
limit.
II. MODEL EQUATIONS
Consider an acoustic wave propagating in a inviscid
fluid of ambient density ρ0 and speed of sound c0. The
wave propagation is characterized by the excess of pres-
sure p, the density ρ, and the the fluid element velocity
v. These acoustic fields are functions of the position
vector r and the time t. For low-amplitude waves, i.e.
|p|2/ρ0c20 ≪ 1, the acoustic fields satisfy the fluid dy-
namics equations in linear approximation,28
∂ρ
∂t
+ ρ0∇ · v = 0, (1)
ρ0
∂v
∂t
+∇p = 0, (2)
p = c20ρ. (3)
By taking the divergence of Eq. (2) and substituting the
result in Eq. (1), we obtain, after eliminating the density,
the wave equation for the pressure as follows(
∇2 − 1
c20
∂2
∂t2
)
p = 0. (4)
In the foregoing discussion of radiation force and torque,
we will consider only time-harmonic acoustic waves,
whose pressure are of the form p(r)e−iωt. Hence, con-
sidering a time-harmonic pressure in Eq. (4) we obtain
the Helmholtz equation,
(∇2 + k2)p(r) = 0, (5)
where k = ω/c0 is the wavenumber. The term e
−iωt was
suppressed for simplicity.
III. RAYLEIGH SCATTERING
Assume that an incident wave is scattered by a com-
pressional fluid particle of radius a, density ρ1, and speed
of sound c1. The particle is centered in the origin of the
coordinate system. The total pressure amplitude in the
host fluid is described by pi(r) + ps(r), where pi and ps
represent the incident and the scattered pressure, respec-
tively. The scattered pressure is expanded in a partial-
wave series in spherical coordinates (r, θ, ϕ) as follows29
ps = p0
∞∑
n=0
m∑
m=−n
sna
m
n h
(1)
n (kr)Y
m
n (θ, ϕ), (6)
where p0 is the peak pressure magnitude of the inci-
dent wave, k = ω/c0 is the wavenumber, h
(1)
n the nth-
order spherical Hankel function of first-type, and Y mn is
the nth-order and mth-degree spherical harmonic. The
quantities amn and sn are the beam-shape and the scaled
scattering coefficients, respectively. Note that Eq. (6)
satisfies the Sommerfeld radiation condition. The beam-
shape coefficients are the weights of the partial-waves in
the incident beam expansion29. They will be determined
in terms of the incident pressure and fluid element ve-
locity up to the quadrupole approximation in Appendix
A.
The scaled scattering coefficient is obtained by apply-
ing the continuity condition of pressure and particle ve-
locity across the particle surface at r = a. These condi-
tions lead to
sn = − det
[
γjn(ka) jn(κ1a)
j′n(ka) j
′
n(κ1a)
]
det
[
γh
(1)
n (ka) jn(κ1a)
h
(1)
n
′
(ka) j′n(κ1a)
]−1
,
(7)
where κ1 in the inner wavenumber of the particle, γ =
ρ0κ1/(ρ1k), and the prime symbol indicates differen-
tiation. In the Rayleigh scattering regime, the par-
ticle is much smaller than the incident wavelength or
ka ≪ 1. In this regime, the monopole and the dipole
scattering coefficients are O[(ka)6 + i(ka)3], while sn =
O[(ka)4n+2 + i(ka)2n+1] for n > 1. Thus, ka = 0.3 can
be regarded as an upper-limit for the Rayleigh scattering
approach, because it renders an error above 9% on both
the real and the imaginary parts of the scaled scattering
coefficient sn.
It is assumed that the ultrasound absorption within the
particle obeys a frequency power-law as follows27 αυ =
α(ω/2π)υ, where α is the absorption coefficient and 0 <
2
υ ≤ 2. Thus, the inner wavenumber is expressed as
κ1 = k1 + iαυ, (8)
where k1 = ω/c1. We may neglect shear wave prop-
agation effects inside the particle, when the inner vis-
cous boundary layer is much smaller the particle radius,
δ1/a≪ 1. Thus, we assume as an upper-limit δ1 = 0.1a.
Since we have established that ka ≤ 0.3 and given that
δ1 =
√
2ν1/ω, then the particle size factor ka should
satisfy
10
√
2ν1ω
c0
≤ ka ≤ 0.3. (9)
We now expand the scaled scattering coefficients s0
and s1 in Eq. (7) for a→ 0 and ka≪ ρ1/ρ0. It is useful
to define the dimensionless absorption coefficient α˜υ =
αυ/k1. Our analysis is limited to weak-absorption, i.e.
α˜υ ≪ 1 is assumed. Using Mathematica software30,
we find the first relevant terms of monopole and dipole
scattering coefficients as
s0 = 2(f0 − 1)α˜υ (ka)
3
3
− f20
(ka)6
9
− if0 (ka)
3
3
, (10)
s1 = 2
(f0 − 1)α˜υ
(ρ˜−11 + 2)
2
(ka)5
5
− f21
(ka)6
36
+ if1
(ka)3
6
, (11)
where ρ˜1 = ρ1/ρ0, f0 = 1 − ρ0c20/ρ1c21 and f1 = 2(ρ1 −
ρ0)/(2ρ1 + ρ0) are the monopole and the dipole scatter-
ing factors, respectively. Inasmuch as we are considering
weak-absorption, i.e. α˜υ ≪ 1, we have neglected terms
involving α˜mυ , m = 2, 3, . . . in Eqs. (10) and (11),
IV. ACOUSTIC RADIATION FORCE
The linear momentum carried by the incident wave
is transferred to the suspended particle generating the
so-called acoustic radiation force. Based on the partial-
wave expansion of the incident and the scattered fields,
it has been shown that the radiation force exerted on a
sphere by a time-harmonic beam with arbitrary wave-
front is given by26
F =
πa2I0
c0
Y , (12)
where I0 = p
2
0/2ρ0c0 is the averaged incident inten-
sity and Y is the dimensionless radiation force vector,
with Yx, Yy, and Yz being its Cartesian components. In
turn, this vector is expressed in terms of the beam-shape
amn and the scaled scattering coefficient sn
31. For the
Rayleigh scattering limit, only s0 and s1 are relevant as
previously discussed. Therefore, keeping only these terms
in [Eqs. (1)-(3), 31], one finds that the Cartesian compo-
nents of the dimensionless radiation force are given by
Yx + iYy =
i
2π(ka)2
[√
2
3
[
(s0 + s
∗
1 + 2s0s
∗
1)a
0
0a
1∗
1
+ (s∗0 + s1 + 2s
∗
0s1)a
0∗
0 a
−1
1
]
+
1∑
m=−1
√
(2 +m)(3 +m)
15
× (s1am1 am+1∗2 + s∗1a−m∗1 a−m−12 )
]
, (13)
Yz =
1
π(ka)2
Im
[√
1
3
(s0 + s
∗
1 + 2s0s
∗
1)a
0
0a
0∗
1
+
1∑
m=−1
√
(2−m)(2 +m)
15
s1a
m
1 a
m∗
2
]
. (14)
where the symbol ∗ means complex conjugation and ‘Im’
signifies the imaginary-part of. We stress here that Yx,
Yy, and Yz are real quantities. Note that the quadrupole
moment of the incident beam am2 is necessary to compute
the radiation force. This result has been also noticed in
the axial radiation force exerted on a particle by a Bessel
beam12.
To obtain the radiation force, we substitute the equa-
tions in (A3) into Eqs. (13) and (14). Furthermore, we
consider the relation
∇ · vi = ik
ρ0c0
pi, (15)
which is derived by combining of Eq. (3) and Eq. (1).
Hence, we find the radiation force as
F = − 2π
k2c0
Re
[
3is1
k
ρ0c0vi(0) · ∇vi∗(0)
+ (s0 + 2s0s
∗
1)pi(0)vi
∗(0)
]
, (16)
where ‘Re’ means the real-part. In Cartesian coordinates,
∇vi = (∇vi,x,∇vi,y,∇vi,z). It should be remarked that
in Eq. (16) the acoustic fields are evaluated in the particle
center, r = 0.
To further develop Eq. (16) consider the identity
∇ · vivi∗ = vi · ∇vi∗ + vi∗(∇ · vi). (17)
Considering Eq. (15) the last term in the right-hand side
of Eq. (17) becomes ikpiv
∗
i /c0. Thus, the acoustic radi-
ation force in Eq. (16) turns to
F = − 2π
k2c0
Re
[
3iρ0c0s1
k
∇ · vivi∗(0) + (s0 + 3s1 + 2s0s∗1)
× pi(0)vi∗(0)
]
. (18)
Using the relation18
Re [∇ · ρ0vivi∗] = ∇
(
ρ0|vi|2
2
− |pi|
2
2ρ0c20
)
, (19)
3
along with Eqs. (10) and (11) into Eq. (18), we obtain
F = −∇U(0) +
[
4πa2
9c0
(
f20 + f0f1 +
3f21
4
)
(ka)4
+
8πka3(1− f0)α˜υ
3c0
]
I(0) +
[
12π(f0 − 1)α˜υ
5(ρ˜−11 + 2)
2
k2a5
− πf
2
1k
3a6
6
]
Im[∇ · ρ0vivi∗(0)], (20)
where
U = πa3
(
f0
|pi|2
3ρ0c20
− f1 ρ0|vi|
2
2
)
(21)
is the radiation force potential function9 and I =
(1/2)Re{piv∗i } is the incident intensity averaged in time.
Note also that Eq. (20) has been obtained in a different
format in Ref. 32. According to Eq. (20), the radiation
force can be decomposed into three contributions, namely
gradient, scattering, and absorption components.
The gradient radiation force is given by
Fgrad = −∇U(0), (22)
This force was first obtained by Gorkov.9 The gradient
force does not depend on the ultrasound absorption by
the particle. Moreover, it vanishes for a plane traveling
wave.
The scattering radiation force reads
Fsca = πa
2(ka)4
[
4
9
(
f20 + f0f1 +
3f21
4
)
I(0)
c0
− f
2
1
6k
Im[∇ · ρ0vivi∗(0)]
]
. (23)
When the incident wave interacts with a rigid (impene-
trable) particle, we have f0 = f1 = 1 and then
F
rigid
sca = πa
2(ka)4
[
11
9
I(0)
c0
− 1
6k
Im[∇·ρ0viv∗i (0)]
]
. (24)
Finally, the absorption radiation force is expressed as
Fabs = πa
2α˜υka
[
8(1− f0)
3
I(0)
c0
− 12a(1− f0)
5(ρ˜−11 + 2)
2
(ka)
× Im[∇ · ρ0vivi∗(0)]
]
. (25)
If the particle is rigid (f0 = f1 = 1), we have F
rigid
abs = 0.
This result is expected since no wave is transmitted into
the particle, and thus no absorption occurs.
V. ACOUSTIC RADIATION TORQUE
An acoustic beam can produce a time-averaged torque,
known as the radiation torque, on a particle with respect
to its center. This happens due to the transferring of the
angular momentum of the beam to the particle. It has
been demonstrated that the radiation torque produced
on an absorbing particle by an arbitrary time-harmonic
wave is25
N =
πa3I0
c0
τ (26)
where τ is the dimensionless radiation torque vector.
Similarly to the radiation force previously analyzed, the
dimensionless radiation torque vector is given in terms
of the beam-shape and the scattering coefficients. In the
Rayleigh scattering limit, the Cartesian component of
this vector can be calculated by keeping the monopole
and the dipole scattering coefficients in [Eq. 14, 25]. Ac-
cordingly, we have
τx + iτy = −
√
2
π(ka)3
(
s1 + s
∗
1
2
+ |s1|2
)(
a−11 a
0∗
1 + a
0
1a
1∗
1
)
,
(27)
τz = − 1
π(ka)3
(
s1 + s
∗
1
2
+ |s1|2
)(∣∣a11∣∣2 − ∣∣a−11 ∣∣2) .
(28)
Using the beam-shape coefficients given in (A3) into
these equations, one finds the radiation torque as
N = −πa3 6i
(ka)3
(
s1 + s
∗
1
2
+ |s1|2
)
ρ0[vi(0)× v∗i (0)].
(29)
We emphasize that this vector has real components.
Substituting the scaled scattering coefficient given in
(11) into this equation, we obtain radiation torque as
N = πa3
12i(1− f0)α˜υ
5(ρ˜−11 + 2)
2
(ka)2ρ0[vi(0)× v∗i (0)]. (30)
This equation shows that no torque is produced in a
non-absorbing Rayleigh particle suspended in an inviscid
fluid. Furthermore, the radiation torque is proportional
to (ka)2.
VI. SOME EXAMPLES
In what follows, it is useful to notice that the the axial
averaged intensity is given by
Iz =
1
2
Re[pvi,z
∗], (31)
while the imaginary part of the axial component of the
momentum flux divergence is expressed as
Im[∇· ρ0vivi∗]z = Im
[
ρ0
(
∂(vi,xvi,z
∗)
∂x
+
∂(vi,yvi,z
∗)
∂y
)]
.
(32)
In turn, these quantities depend on the fluid velocity,
which is given, according to Eq. (2), by
vi = − i∇pi
ρ0c0k
. (33)
4
A. Plane traveling wave
Consider a plane progressive wave along the the z-axis.
The pressure amplitude of the plane wave is given by
pi = p0e
ikz . (34)
After calculating the axial fluid velocity with Eq. (33),
and using this equations into Eqs. (31) and (32), we ob-
tain the scattering and the absorption radiation forces,
in Eqs. (23) and (25), as
Fsca,z = πa
2(ka)4
4I0
9c0
(
f20 + f0f1 +
3f21
4
)
, (35)
Fabs,z = πa
2α˜υka
8I0(1 − f0)
3c0
. (36)
The gradient radiation force is zero. Equation (35) was
previously obtained by Gorkov.9 Furthermore, the result
in Eq. (36) shows the possibility of having the radiation
force by a plane traveling wave exerted on an absorbing
particle, to be (ka)−3 stronger than the force considering
a lossless particle. When υ = 2, we obtain the ratio
|Fabs,z/Fsca,z| as given in Ref. [Eq. (52), 19], which in
turn has an apparent typographical error (an extra factor
of 1/3).
B. Spherically focused beam
Consider that a spherically focused transducer of di-
ameter 2b and curvature radius z0 produced an incident
beam to a Rayleigh particle place at the origin of the
coordinate system. The generated ultrasound beam can
be described in the paraxial approximation if the follow-
ing conditions are met33 z0/b & 2.5 and kb &
√
z0/b.
The produced ultrasound beam hits an spherical parti-
cle as depicted in Fig. 1. In the paraxial approximation,
the pressure amplitude is given in cylindrical coordinates
(̺, z) by34
pi(̺, z) =
ip0ke
ikz
z
exp
(
ik̺2
2z
)∫ b
0
exp
[
ik̺′2
2
(
1
z
− 1
z0
)]
× J0
(
k̺̺′
z
)
̺′d̺′, (37)
where Jn is the nth-order Bessel function. The pressure
given in Eq. (37) may not be valid when z < 0.3z0 as
discussed in Ref. 34. In the focal plane and along the
axial direction, the pressure field is reduced, respectively,
to
pi(̺, z0) =
ip0b
̺
exp
[
ikz0
(
̺2
z20
+ 1
)]
J1
(
k̺b
z0
)
, (38)
pi(0, z) =
p0z0e
ikz
z − z0
[
1− exp
[
− ikb
2
2
(
1
z0
− 1
z
)]]
.
(39)
The gradient radiation force may trap a small particle
in the minimum of the radiation force potential. Using
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FIG. 1. Schematic representation of the radiation force ex-
erted by an incident focused beam on a particle placed at an
arbitrary position in a host fluid. The transducer has aperture
2b and focal distance z0. The axis of the transducer coincides
to the z direction.
Mathematica software30, we calculated the transverse
and axial potentials. However, the obtained expressions
are unwieldy and will not be shown here for the sake of
simplicity. Based on the result, we find that the radiation
force potential on the focal plane has a minimum at ̺ = 0
if
∂2U(0, z0)
∂̺2
= −πp
2
0k
2a3b4
192ρ0c20z
6
0
× [8k2b2z20f0 + (3k2b4 + 192z20)f1] > 0.
(40)
Therefore, the condition of transverse trapping in the
transducer focus is
f0 < −3(k
2b4 + 64z20)
8(kbz0)2
f1. (41)
For a denser particle than the host fluid, i.e. ρ1 > ρ0,
we have f1 > 0. In this case, if the particle is also less
compressible than the medium, f0 > 0, then it cannot be
transversely trapped.
The situation is different in the axial direction. Yet
despite the radiation force potential may have a mini-
mum in the focal region, the particle may not be axially
trapped. This happens because the absorption and the
scattering radiation forces may push the particle away
from the potential minimum. However, the axial trap-
ping of a particle by a spherical vortex beam has been
theoretically discussed in Ref. 35.
To obtain the absorption and the scattering radiation
forces in the axial direction as given in Eqs. (23) and
(25), it is necessary to compute the axial components
of the averaged intensity and the momentum flux diver-
gence given, respectively, in Eqs. (31) and (32). Thus,
using Mathematica software,30 we find that the axial
averaged intensity (̺ = 0) is given by
Iz = I0
(4z2 − b2)z20
z2(z − z0)2 sin
2
[
kb2
4
(
1
z0
− 1
z
)]
(42)
The expression for the imaginary part of the momentum
flux divergence was also calculated. Nevertheless, the
result is cumbersome and we will not be presented here.
5
C. Acoustic Bessel beam
We derive here the radiation force and torque induced
by an acoustic Bessel beam on an absorbing particle lo-
cated in the beam axis at r = 0. Assume that the Bessel
beam propagates along the z-axis. Hence, the pressure
amplitude of this beam is given, in cylindrical coordi-
nates, by
pi = p0Jn(k̺ sinβ)e
i(nϕ+kz cos β), n = 0,±1,±2, . . . ,
(43)
where β is the beam’s half-cone angle. The index n is
known as the orbital angular momentum of the beam. It
is worth to notice that the radiation force exerted on a
particle due to this beam with β = 90◦ has been experi-
mentally performed36.
Due to the beam symmetry only the axial radiation
force is produced on the particle. Using Eqs. (33) and
(43), we find that the axial component of the average
incident intensity to the particle is given by Iz(0) =
I0δn,0 cosβ, where δmn is the Kronecker delta symbol,
with δnm = 1 if n = m and δnm = 0, otherwise. Re-
ferring to Eq. (32) the imaginary part of the momentum
flux divergence along the z axis is expressed as
Im[∇ · ρ0viv∗i (0)]z =
I0
c0
bnk cosβ sin
2 β, (44)
where b0 = 2, b±1 = −1, and bn = 0, otherwise. There-
fore, using the averaged intensity and the momentum flux
divergence into Eqs. (23) and (25), we obtain
Fnabs,z = πa
2 I0
c0
[
8
3
(1− f0)α˜υkaδn,0 cosβ
− 12(1− f0)bn
5(ρ˜−11 + 2)
2
α˜υ(ka)
2 cosβ sin2 β
]
, (45)
Fnsca,z =
πa2I0
c0
(ka)4
[
4
9
(
f20 + f0f1 +
3f21
4
)
δn,0 cosβ
− f
2
1
6
bn cosβ sin
2 β
]
. (46)
The total radiation force exerted on the particle is Fnz =
Fnabs,z + F
n
sca,z. Note that only zeroth- and first-order
Bessel beams produce axial radiation force on a Rayleigh
particle. Moreover, we verified that Eq. (46) for a zeroth-
order Bessel beam is the same as that presented in
[Eqs. (10a) and (15a), 12].
Now we turn to obtain the acoustic radiation torque
by a Bessel vortex beam. First we calculate the trans-
verse fluid velocity components at the particle center us-
ing Eqs. (33) and (43),
vx(0) = − ip0 sinβ
2ρ0c0
, (47)
vy(0) =
p0 sinβ
2ρ0c0
. (48)
Hence, using this equations into Eq. (30), we obtain the
axial radiation torque as
Nz = πa
3 I0
c0
6nδn,±1(1− f0)α˜υ
5(ρ˜−11 + 2)
2
(ka)2 sin2 β. (49)
Only the first-order Bessel vortex beam can produce
on the particle in the Rayleigh scattering limit. This
happens because radiation torque is induced by the
dipole mode only as shown in Eqs. (27) and (28).
The dipole with respect to the beam’s axis is not
present in all but the first-order Bessel vortex beam.
The term sin2 β present in Eq. (49) also appears in
the rotational velocity induced by a first-order Bessel
beam on a nonabsorbing particle suspended in a viscous
fluid37. Note that Eq. (49) can also be obtained directly
from [Eq. 14, 38]. Moreover, this equation follows imme-
diately from [Eq. 18, 20] (with m = 1 and n = 1 in the
associated Legendre function in the notation of that pa-
per), combined with the axial radiation torque expression
given in [Eq. 10, 24].
VII. NUMERICAL RESULTS AND DISCUSSION
To illustrate how the radiation force and torque
are produced, we consider two different particles (liq-
uid droplets) suspended in water (ρ0 = 1000 kg/m
3,
c0 = 1480m/s, and ν0 = 10
−6m2/s) at room tem-
perature. All incident waves considered here have fre-
quency of 1MHz. The droplets are formed by ben-
zene39,40 (ρ1 = 870 kg/m
3, c1 = 1295m/s, α = 2.21 ×
10−14NpMHz−2 m−1, υ = 2, and ν1 = 6.94×10−7m2/s)
and olive oil41 (ρ1 = 915.8 kg/m
3, c1 = 1464m/s,
α = 4.10 × 10−14NpMHz−2 m−1, υ = 2, and ν1 =
1.00 × 10−4m2/s). The compressibility and the density
contrast factors for the benzene and the olive oil droplets
are f0 = −0.5,−0.11 and f1 = −0.09,−0.05, respec-
tively. At 1MHz frequency, the inner viscous bound-
ary layer of the benzene and the olive oil droplets are,
respectively, δ1 = 0.47, 5.65µm. The outer boundary
layer of the droplets is δ0 = 0.56µm. Thus, consider-
ing ka = 0.25 with a = 58.8µm, the inequality in (9)
is satisfied. Hence, we may neglect the inner and the
outer shear wave propagation effects for both droplets,
since δ0, δ1 ≪ a. The droplets were chosen because they
are immiscible in water. However, such small benzene
droplets may rapidly dissolve in water unless the water
bath is previously saturated with benzene.
To produce a focused beam, we consider a spherically
focused transducer with diameter 2b = 50mm and cur-
vature radius z0 = 70mm. The transducer operates with
intensity I0 = 33W/m
2. We chose these parameters be-
cause such transducer could be readily manufactured for
experimental arrangements. Moreover, the generated ul-
trasound beam can be described in the paraxial approx-
imation.
In Fig. 2, we show the transverse radiation force due
to the focused transducer on the benzene and the olive
oil droplets. The force varies with the normalized trans-
verse radial distance ˜̺ = ̺/W−3 dB, where
34 W−3 dB =
1.62z0/(kb) is the 3 dB-width of the focal spot. Both ben-
zene and olive oil droplets can be transversely trapped at
the transducer focus.
The axial radiation force exerted by the ultrasound
focused beam on the benzene droplet as a function of
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FIG. 2. (Color online) The transverse radiation force gener-
ated by the focused transducer on the benzene and the olive
oil droplets (ka = 0.25) suspended in water. The normalized
transverse radial distance is ˜̺ = ̺/W
−3 dB. The transducer
parameters are f-number z0/(2b) = 1.4, operation frequency
1MHz, focal distance z0 = 70mm, and the averaged intensity
is I0 = 33W/m
2.
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FIG. 3. (Color online) The axial radiation force produced
by the focused transducer on the benzene droplet suspended
in water. The normalized axial coordinate is z˜ = z/z0. The
numerical values of the parameters used in this evaluation are
the same as in Fig. 2.
z˜ = z/z0 is depicted in Fig. 3. The droplet could be
trapped in the pre-focal zone at z˜ = 0.46, 0.55, 0.68, and
at the transducer focal distance z˜ = 1.023. These points
corresponds to the minima of the radiation force poten-
tial U . It should be noticed that the radiation force on
the benzene droplet is mostly due to its gradient compo-
nent.
In Fig. 4, we present the axial radiation force exerted
on the olive oil droplet by the focused beam varying with
z˜ = z/z0. The droplet can be trapped only in the pre-
focal zone at z˜ = 0.46, 0.55, 0.69. It can be seen that the
absorption radiation force is dominant part in the total
radiation force acting on the olive oil droplet. Further-
more, it is worth of noticing that possible entrapment
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FIG. 4. (Color online) The axial radiation force produced by
the focused transducer on the olive oil droplet suspended in
water. The normalized axial coordinate is z˜ = z/z0. The
evaluation parameters used here are the same as in Fig. 2.
0 20 40 60 80
0
0.05
0.1
A
xi
al
 ra
di
at
io
n 
fo
rc
e 
[p
N]
β [degree]
 
 
F 0
z
F 1
z
F 0sca,z
F 1sca,z
FIG. 5. (Color online) The axial radiation force exerted by
a zeroth- and a first-order Bessel vortex beam on the olive
oil droplet (ka = 0.25) suspended in water. The radiation
force varies with the half-cone angle β. The beam averaged
intensity is I0 = 33W/m
2.
points for both benzene and olive oil droplets are formed
in the transducer pre-focal zone (z < z0). Likewise, the
possibility of particle trapping in the nearfield of a flat
transducer was mentioned in Ref. 42.
In Fig. 5, the axial radiation force exerted on the olive
oil droplet exerted by a zeroth- and a first-order Bessel
vortex beam is shown. It is clear that the particle ab-
sorption plays a major role in the axial radiation force.
The deviation can be as large as 80%, but it decreases as
the half-cone angle approaches to 90◦.
Now we present in Fig. 6 the axial radiation torque ex-
erted by a first-order Bessel vortex beam on the benzene
and the olive oil droplets as a function of the half-cone
angle β. The olive oil droplet develops a larger radiation
torque due to its higher absorption.
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FIG. 6. (Color online) The axial radiation torque exerted by
a first-order Bessel vortex beam on the benzene and the olive
oil droplets (ka = 0.25) suspended in water. The radiation
torque varies with the half-cone angle β. The beam averaged
intensity is I0 = 33W/m
2.
VIII. SUMMARY AND CONCLUSION
Exact formulas of the radiation force and torque were
provided for any time-harmonic beam interacting with an
absorbing small particle (in the Rayleigh scattering limit)
suspended in an inviscid fluid. Internal shear viscous ef-
fects were not considered since we assumed that the inner
viscous boundary layer is much smaller than the particle
radius. Using the developed radiation force theory, the
stability of axial and transverse entrapment of a benzene
and an olive oil droplet suspended in water by a spheri-
cally focused ultrasound beam were analyzed. Moreover,
the radiation force and torque caused by a zeroth- and
a first-order Bessel beam on the benzene and olive oil
droplets in the on-axis configuration were computed.
In conclusion, the developed closed-form expressions
for the radiation force and torque on an absorbing parti-
cle might be useful in the analysis of trapping stability of
single-beam acoustical tweezers. In a future work, we will
take into consideration shear wave propagation effects in-
side the absorbing particle on the acoustic radiation force
and torque.
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APPENDIX A: APPENDIX: BEAM-SHAPE
COEFFICIENTS
The beam-shape coefficient of a pressure field p is given
by29
amn =
∫
Ω
p(kR, θ, ϕ)
p0jn(kR)
Y m∗n (θ, ϕ)dΩ, n ≥ 0, |m| ≤ n, (A1)
where p0 is the peak pressure magnitude, dΩ is the differ-
ential solid angle, and R is the radius of a control spher-
ical region in which the incident beam propagates. Ex-
panding the pressure around the origin up to the second-
order approximation, yields
p(r) = p(0)+iρ0c0kr ·v(0)+ iρ0c0k
2
r ·[r · ∇v(0)] , (A2)
where v = vxex + vyey + vzez (ei, i = x, y, z are
the Cartesian unit-vectors). Substituting Eq. (A2) into
Eq. (A1) along with r = R(sin θ cosϕex + sin θ sinϕey +
cos θez) and R → 0, we obtain the beam-shape coeffi-
cients up to the quadrupole approximation as
a00 =
√
4π
p0
p(0),
a∓11 =
ρ0c0
p0
√
6π[±ivx(0) + vy(0)],
a01 =
2iρ0c0
p0
√
3πvz(0),
a∓22 =
ρ0c0
kp0
√
15π
2
[
i
(
∂vx(0)
∂x
− ∂vy(0)
∂y
)
± 2∂vx(0)
∂y
]
,
(A3)
a∓12 =
ρ0c0
kp0
√
30π
[
±i∂vx(0)
∂z
+
∂vy(0)
∂z
]
,
a02 = −
iρ0c0
kp0
√
5π
[
∂vx(0)
∂x
+
∂vy(0)
∂y
− 2∂vz(0)
∂z
]
.
1 J. Wu, “Acoustical tweezers,” J. Acoust. Soc. Am. 89,
2140–2143 (1991).
2 J. Lee, S. Teh, A. Lee, H. Kim, C. Lee, and K. Shung,
“Single beam acoustic trapping,” Appl. Phys. Lett. 95,
073701 (2009).
3 M. Evander and J. Nilsson, “Acoustofluidics 20: Appli-
cations in acoustic trapping,” Lab. Chip 12, 4667–4676
(2012).
4 X. Ding, S.-C. S. Lin, B. Kiraly, H. Yue, S. Li, J. S. S. J. B.
I-K. Chiang, and T. J. Huang, “On-chip manipulation of
single microparticles, cells, and organisms using surface
acoustic waves,” Proc. Natl. Acad. Sci. 109, 11105–11109
(2012).
5 D. Foresti, M. Nabavi, M. Klingauf, A. Ferrari, and D.
Poulikak, “Acoustophoretic contactless transport and han-
dling of matter in air,” Proc. Natl. Acad. Sci. 110, 12549–
12554 (2013).
6 L. V. King, “On the acoustic radiation pressure on
spheres,” Proc. R. Soc. A 147(861), 212–240 (1934).
7 T. F. W. Embleton, “Mean force on a sphere in a spherical
sound field. I. (Theoretical),” J. Acoust. Soc. Am. 26, 40–
45 (1954).
8 K. Yosioka and Y. Kawasima, “Acoustic radiation pressure
on a compressible sphere,” Acustica 5, 167–173 (1955).
9 L. P. Gor’kov, “On the forces acting on a small particle
in an acoustic field in an ideal fluid,” Sov. Phys. Dokl. 6,
773–775 (1962).
10 W. L. Nyborg, “Radiation pressure on a small rigid
sphere,” J. Acoust. Soc. Am. 42, 947–952 (1967).
11 J. Wu and G. Du, “Acoustic radiation force on a small
compressible sphere in a focused beam,” J. Acoust. Soc.
Am. 87, 997–1003 (1990).
8
12 P. L. Marston, “Axial radiation force of a Bessel beam on a
sphere and direction reversal of the force,” J. Acoust. Soc.
Am. 120, 3518–3524 (2006).
13 D. Baresch, J-L. Thomas, and R. Marchiano, “Three-
dimensional acoustic radiation force on an arbitrarily lo-
cated elastic sphere,” J. Acoust. Soc. Am. 133, 25–36
(2013).
14 M. Azarpeyvand, “Acoustic radiation force of a Bessel
beam on a porous sphere,” J. Acoust. Soc. Am. 131, 4337–
4348 (2012).
15 A. A. Doinikov, “Acoustic radiation pressure on a com-
pressible sphere in a viscous fluid,” J. Fluid Mech. 267,
1–21 (1994).
16 M. Settnes and H. Bruus, “Forces acting on a small particle
in an acoustical field in a viscous fluid,” Phys. Rev. E 85,
016327 (2012).
17 P. S. Epstein and R. R. Carhart, “The Absorption of Sound
in Suspensions and Emulsions. I. Water Fog in Air,” J.
Acoust. Soc. Am. 25, 553–565 (1953).
18 P. J. Westervelt, “Theory of steady forces caused by sound
waves,” J. Acoust. Soc. Am. 23, 312–315 (1951).
19 R. Lo¨fstedt and S. Putterman, “Theory of long wave-
length acoustic radiation pressure,” J. Acoust. Soc. Am.
90, 2027–2033 (1991).
20 L. K. Zhang and P. L. Marston, “Geometrical interpreta-
tion of negative radiation forces of acoustical Bessel beams
on spheres (R),” Phys 84, 035601 (2011).
21 L. K. Zhang and P. L. Marston, “Axial radiation force
exerted by general non-diffracting beams,” J. Acoust. Soc.
Am. 131, EL329–EL335 (2012).
22 L. Zhang and P. L. Marston, “Optical theorem for acoustic
non-diffracting beams and application to radiation force
and torque,” Bio. Opt. Express 17, 1610–1617 (2013).
23 B. T. Hefner and P. L. Marston, “An acoustical helicoidal
wave transducer with applications for the alignment of ul-
trasonic and underwater systems,” J. Acoust. Soc. Am.
106, 3313–3316 (1999).
24 L. Zhang and P. L. Marston, “Angular momentum flux of
nonparaxial acoustic vortex beams and torques on axisym-
metric objects,” Phys. Rev. E 84, 065601 (2011).
25 G. T. Silva, T. P. Lobo, and F. G. Mitri, “Radiation torque
produced by an arbitrary acoustic wave,” Europhys. Phys.
Lett. 97, 54003 (2012).
26 G. T. Silva, “An expression for the radiation force exerted
by an acoustic beam with arbitrary wavefront,” J. Acoust.
Soc. Am. 130, 3541–3545 (2011).
27 T. L. Szabo, “Time domain wave equations for lossy media
obeying a frequency power law,” J. Acoust. Soc. Am. 96,
491–500 (1994).
28 A. D. Pierce, Acoustics: An Introduction to Its Physical
Principles and Applications. Acoustical Society of Amer-
ica, Melville, NY, 1989, p. 15.
29 G. T. Silva, “Off-axis scattering of an ultrasound Bessel
beam by a sphere,” IEEE Trans. Ultrason. Ferroelec. Freq.
Contr. 58, 298–304 (2011).
30 Wolfram Research, Mathematica Edition: Version 8.0
(Wolfram Research, Inc., Champaign, Illinois, 2010).
31 G. T. Silva, J. H. Lopes, and F. G. Mitri, “Off-axial acous-
tic radiation force of repulsor and tractor Bessel beams on
a sphere,” IEEE Trans. Ultras. Ferroel. Freq. Control 60,
1207–1212 (2013).
32 O. A. Sapozhnikov and M. R. Bailey, “Radiation force of
an arbitrary acoustic beam on an elastic sphere in a fluid,”
J. Acoust. Soc. Am. 133, 661–676 (2013).
33 J. E. Soneson, “A parametric study of error in the
parabolic approximation of focused axisymmetric ultra-
sound beams,” J. Acoust. Soc. Am. 131, EL481–EL486
(2012).
34 B. G. Lucas and T. G. Muir, “The field of a focusing
source,” J. Acoust. Soc. Am. 72, 1289–1289 (1982).
35 D. Baresch, J.-L. Thomas, and R. Marchiano, “Spherical
vortex beams of high radial degree for enhanced single-
beam tweezers,” J. Appl. Phys. 113, 184901 (2013).
36 C. R. P. Courtney, B. W. Drinkwater, C. E. M. Demore, S.
Cochran, A. Grinenko, and P. D. Wilcox, “Dexterous ma-
nipulation of microparticles using Bessel-function acoustic
pressure fields,” Appl. Phys. Lett. 102, 123508 (2013).
37 P. L. Marston, “Viscous contributions to low-frequency
scattering, power absorption, radiation force, and radia-
tion torque for spheres in acoustic beams,” Proc. Meetings
Acoust. 19, 045005 (2013).
38 F. G. Mitri, T. P. Lobo, and G. T. Silva, “Axial acous-
tic radiation torque of a Bessel vortex beam on spherical
shells,” Phys. Rev. E 85, 026602 (2012).
39 G. S. Kino, Acoustic Waves: Devices, Imaging, and Analog
Signal Processing (Prentice-Hall, Upper Saddle River, New
Jersey, USA, 1987), p. 552.
40 CRC Handbook of Chemistry and Physics, 90th ed., edited
by D. R. Lide (CRC Press/Taylor and Francis, Boca Ra-
ton, Florida USA, 2009), p. 6-177.
41 J. N. Coupland and D. J. McClements, “Physical prop-
erties of liquid edible oils,” J. Am. Oil Chem. Soc. 12,
1559–1564 (1997).
42 F. G. Mitri, “Near-field single tractor-beam acoustical
tweezers,” Appl. Phys. Lett. 103, 114102 (2013).
9
